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ABSTRACT

3]:


The inverse problem of optical tomography is ill-posed.
Usually, the zero–order Tihonov regularization penalization is used. Though this method may be efficient in
special circumstances, the use of the Sobolev gradient
is highly more efficient.

1. INTRODUCTION
In optical tomography, the optical properties of the
medium under investigation are obtained through the
solution of an inverse problem where some light is injected on some boundaries and the measurement is performed elsewhere on the boundary in terms of light
intensity [1, 2]. Often, the properties of interest are
the scaterring and the diffusion coefficients, denoted
as σ(x) and κ(x) where in this case x is in a two dimensional region. Such an inverse problem is solved
minimizing a L2 (∂Ω) norm between the prediction and
the measurement. It is well known that such inverse
problem is ill-posed, thus regularization must be used.
In this talk, the regularization is based on the so-called
Sobolev-gradient since this one acts as a pre-conditionner
within the optimization algorithm while smooting the
cost function gradient which contains the noise due to
experimental set-up.

2. FORWARD MODEL
The forward model used is this study is the frequency
domain form of the radiative transfer equation which
consists in the following intro-differential equation [1,
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~ is the propagation direction of light, I is the rawhere Ω
diant power per unit solid angle per unit area at spatial
~ and κ and σ are the absorpposition x in direction Ω,
tion and scattering coefficients that depend on x and
~ 0 , Ω)
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that have to be retrieved from measurements. Φ(Ω
is the scattering phase function. Usually, the scattering
in tissues is described by the Henyey-Greenstein phase
function [4].
The chosen strategy consists in separating the complex intensity involved in the radiative transfer equation (1) into the collimated and the scattered intensity.
One has then to couple with two
R coupled “advectionlike” equations. The integral 4π · dΩ0 is approached
using the discrete ordinates method [5]. The used numerical scheme is the least square finite element formulation described in [6]. The numerical developments are
integrated with the FreeFem++ environment [7].
3. INVERSE PROBLEM
In optical tomography, the cost function is generally
expressed as errors between measurements and prediction. The cost function is written as:
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where the symbol
stands for either discrete or continuous integration of discrepancies on the boundary.
Assuming that κ and σ belong to the same finite element space, and θ = (κ, σ) ∈ R2Nc where Nc is the

number of degrees of freedom of the chosen finite element space, then, one has to minimize j(θ) := J (I).
It can be shown that the directional derivative of
the cost j(θ) in feasible directions κ0 and σ 0 is given
by:
j 0 (θ; κ0 ) = hκ0 Ic , Ic∗ iL2 (D) + hκ0 Is , Is∗ iL2 (D)
j 0 (θ; σ 0 ) = hσ 0 Ic , Ic∗ iL2 (D) + hσ 0 Is , Is∗ iL2 (D)
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where
and
are the adjoint (co-states) versions of
the states Is and Ic with the inner product hu, viL2 (D) :=
R
ūv dx.
D
Most often, the cost function gradient is extracted
from the classical inner product j 0 (θ; θ0 ) = (∇j, θ0 )L2 (D)
R
where (u, v)L2 (D) := D ūv dx and gradient-like optimization algorithms such as the limited memory BFGS
(L–BFGS) is used [8]. However, the inverse problem
being ill-posed by nature, some regularization tools must
be performed. The Tikhonov penalization is the most
commonly used strategy for regularization in optimal
tomography. We here present another approach that
consists in filtering spacially the noise existing in the
cost gradient due to the presence of noise, inherently,
from the measurements. The employed solution consists in using the so-called Sobolev gradient that is very
much used in image segmentation. It is also shown in
[9] that the use of such following inner product (where
` is a “tuning” parameter) for extracting the gradient
acts as smooting the gradient, and also acts as a preconditionner for the optimization problem:
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ūv + `2 ∇ū · ∇v dx (5)
2
1+` D
4. REFERENCES
[1] S.R. Arridge. Optical tomography in medical imaging. Inverse Problems, 15(2):R41–R93, 1999.
[2] A. Charette, J. Boulanger, and H. K Kim.
An overview on recent radiation transport algorithm development for optical tomography imaging. Journal of Quantitative Spectroscopy and Radiative Transfer, 109(17-18):2743–2766, NovemberDecember 2008.
[3] O. Balima, A. Charette, and D. Marceau. Comparison of light transport models in view of optical tomography applications. Journal of Computational and Applied Mathematics, 234(7):2259–2271,
August 2010.

Figure 1: Two inclusions reconstruction with −20 dB
noisy data. Recovered distribution of the absorption
(a)-(c) and reduced scattering coefficient (b)-(d) with
the L2 (D) inner product (a)-(b) and with the H 1(`) (D)
inner product (c)-(d).
[4] M. F. Modest. Radiative Heat Transfer. Mechanical
Engineering. McGraw Hill, 1993.
[5] W.A. Fiveland. Discrete ordinates solutions of the
radiation transport equation for rectangular enclosures. Journal of Heat Transfer, 106(4):699–706,
1984.
[6] O. Balima, J. Boulanger, A. Charette, and
D. Marceau. New developments in frequency domain optical tomography. Part I. forward model
and gradient computation. Journal of Quantitative
Spectroscopy and Radiative Transfer, 112(7):1229–
1234, May 2011.
[7] F. Hecht, O. Pironneau, A. Le Hyaric, and K. Ohtsuka. Freefem++. Universite Pierre et Marie Curie,
Paris, 2.24-2-2 edition, 2008.
[8] O. Balima, J. Boulanger, A. Charette, and
D. Marceau. New developments in frequency domain optical tomography. Part II. application with
a l-bfgs associated to an inexact line search. Journal
of Quantitative Spectroscopy and Radiative Transfer, 112(7):1235–1240, May 2011.
[9] B. Protas. Adjoint-based optimization of PDE systems with alternative gradients. Journal of Computational Physics, 227:6490–6510, 2008.

