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Abstract
This paper exhaustively presents a first-order skewed upwinding procedure for application
to discretization numerical methods in the context of radiative transfer involving gray
participating media. This scheme: (1) yields fast convergence of the algorithm; (2) inherently
precludes the possibility of computing negative coefficients to the discretized algebraic
equations; (3) reduces false scattering (diffusion); (4) is relatively insensitive to grid orientation;
and (5) produces solutions completely free from undesirable oscillations. Theses attributes render
the scheme attractive, especially in the context of combined modes of heat transfer and fluid flow
problems for which computational time is a major concern. The suggested scheme has been
validated by application to several basic test problems discussed in a companion paper.
Keywords: radiation, finite volume method, triangular meshes, participating media
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Other symbols: ASME, JHT 1999, 121(4), 770-773.
1. INTRODUCTION
One of the key issues of the numerical methods that solve the Radiative Transfer Equation
(RTE) is the closure relation or spatial interpolation function for the discrete dependent variable
intensity over the elements (or over control volumes) of the computational mesh [1]. This is then
relevant for discrete ordinates methods (DOMs), finite volume methods (FVMs), control volume
finite element methods (CVFEMs), and Finite Element Methods (FEMs).
Here the discussion pertains to such discretization methods and is not concerned with
traditional zonal, Monte-Carlo, ray tracing, discrete transfer methods [2] or the more recently
acknowledged collapsed dimension [3-5] and direct collocation meshless method [6,7].
A first interpolation scheme was introduced by Carlson and Lathrop [8] in the context of
neutron transport problems: it is the diamond difference scheme. This scheme was the first to be
implemented by Hyde and Truelove [9] and later by Fiveland [10] in their pioneering radiative
heat transfer work. It has since been used extensively. However, as for the central difference
scheme used in the context of convection-diffusion and fluid flow problems, the diamond scheme
can produce negative coefficients (elemental negative intensities) in the discretized algebraic
equations that approximate the original RTE. This procedure may lead to spatially oscillating,
physically unrealistic distributions of the transported entity (intensity). Fix-up procedures have
been proposed in attempts to solve this problem. All of them result in schemes that require more
computational time per iteration than their original counterpart.
Decades later, Coelho and Aelenei [11] tested several high-order schemes, namely the
MINMOD, CLAM, MUSCL, SMART schemes. They found that the use of high order schemes is
only effective if the angular refinement yields low-angular discretization error as well. In this
respect, the study of Cheng et al. [12] proposes a genuine method (called DRESDOR) that
accounts for radiation in 6658 discrete directions in the hemispheric space to model the angular
discretization appropriately.
Chai and co-workers [13], after testing several procedures, finally recommend to rely on
the upwind scheme (US). In that paper, the upwind scheme (also called step scheme), the
diamond scheme, the positive scheme proposed by Lathrop [14], and the positive intensity
conditions suggested by Fiveland and Jessee [15] are discussed in the context of the discrete
ordinates method. The paper also discusses the relative merits of variable weight schemes
proposed by Jamaluddin and Smith [16] but indicates that, in general, schemes based on
weighting factor less than unity could lead to physically unrealistic solutions. Liu et al. [17]
showed that the criterion for an unconditionally stable scheme is that this weighting function
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should be superior to 2⁄3. Berour and co-workers [18] propose a review of several of these
differencing scheme efficiencies for the case of strong opacities in purely absorbing media.
One of the alternative recommended by Chai and co-workers [13], is to trace the
downstream intensities at an integration point p to an upstream reference location r where the
intensity can be computed or is known in terms of nodal values. This is the basis of the original
CVFEM proposed by Rousse and Baliga [19] and Rousse [1, 20]. Although use of unidirectional
upwinding removes the potential for spatial oscillations, such a procedure is burdened with
excessive false diffusion (false scattering).
The smearing here is numerically (not physically) analogue to what is referred to as false
diffusion in the context of fluid flow and convective heat transfer [21]. In this respect, numerical
smearing can be referred to as false scattering, which is a numerical redistribution of energy
rather than a physical phenomenon. Hence, the authors acknowledge the need for a scheme that
models the skewness of radiative transport with improved accuracy. This has been done over a
period of some ten years as exemplify by the papers of Chai et al. [13], Tan et al. [22], and
Coelho [23].
In the paper of Jessee and Fiveland [24], the authors address the issue of spatial
discretization in the context of numerical smearing. In that paper, the authors state that the
upwind scheme is computationally inexpensive but first order accurate thus leading to poor
modeling and numerical scattering, and that the diamond scheme modifications, required by the
presence of negative coefficients, are not entirely satisfactory. To overcome these drawbacks, the
authors investigated bounded high resolution schemes. They concluded that a bounded
exponential or higher order scheme, with built-in flux limiters in which skewness is accounted
for, would be promising. However, it could be mentioned that the non-linearity of the proposed
high resolution schemes often necessitate an increase in computational time requirements. It is
reported that these high resolution schemes may be competitive with the standard upwind scheme
but for significantly scattering media or reflective boundaries and when the problem may allow
the analyst to neglect other heat transfer modes.
Liu et al. [17] came to similar conclusions in their analyses of the conventional difference
schemes and the SMART scheme. However, the authors recommend the use of the central
difference scheme although this scheme may produce spurious oscillations, because it yielded
integral quantities (flux, incident radiant energy) almost as accurate as the SMART scheme.
The avenue taken here is somewhat different; instead of using a high order scheme, a first
order skew upwind scheme is proposed. It will be shown that the proposed scheme could be
viewed as a skewed upwind scheme that ensures positive coefficient to the discretized algebraic
equations while limiting the connectivity to a single finite element.
In the context of convection-diffusion and fluid flow problems, false diffusion can be
substantially reduced through the use of a skewed upwind scheme such as that proposed by
Raithby [25]. However, this procedure has the potential for developing spatial oscillations in the
solution through the computation of negative coefficients in the discretized equations. Leonard
[26], proposed a quadratic upstream interpolation scheme that considerably reduces the problem.
However, his scheme does not entirely circumvent the calculation of negative coefficients.
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Hassan et al. [27] proposed a procedure that solves the problem by restricting the range of the
upstream weighting factor such that the influence coefficients cannot become negative. In some
sense, this procedure based on a mathematical restriction on the upstream weighting factor, is
akin to a similar ideas developed for the intensity of radiation calculation with the diamond
scheme [14].
Conventional Galerkin finite element methods for convection-diffusion problems
experience similar difficulties [28] and although several upwind type schemes have been
suggested [29-32], they all more or less suffer from false diffusion.
Clearly, in the context of convective transport, a broad range of numerical procedures
were proposed in attempts to reduce false diffusion and/or eliminate the negative coefficients
problem. Among these, the skewed positive influence coefficient upwinding procedure proposed
by Schneider and Raw [33], modified by Saabas [34], and by Rousse [20], was found to hold the
premise of a suitable interpolation function for radiation intensity in the context of problems
involving radiative heat transfer in participating media.
The present paper is concerned with the progressive development of an interpolation
function for radiative intensity that does account for the directionality of the radiant energy
propagation through a skewed approach, while simultaneously precluding the possibility of
negative coefficients.

2. CVFEM FORMULATION
The solution of the radiative transfer equation (RTE) by a CVFEM requires the
discretizations of both spatial and angular domains. The angular discretization of the RTE, which
is solved along M discrete directions, leads to the solution of M sets of algebraic discretization
equations [1].

2.1. Radiative transfer equation
For the sake of completeness, the multidimensional propagation of radiation in graydiffuse enclosures filled with gray participating media is recalled here; it can be described by the
following equation:
 



∇ ⋅ ΩI ( s, Ω) = − βI ( s, Ω) + S I ( s, Ω)

(

)

(1)

where S I , the source function for radiant intensity, is given by:
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and the radiative boundary condition at a point B on a gray-diffuse surface is:
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In the formulation of CVFEMs, it is convenient to cast the governing partial differential
equations in the following general form [21]:
 
∇ ⋅ J φ = Sφ

(4)


where φ stands for a general variable, S φ is a volumetric generation rate or source term, and J φ
is the flux of φ . Eq. (1) may be readily obtained from this general equation by using:





J φ = ΩI ( s, Ω) and S φ = − βI ( s, Ω) + S I ( s, Ω) .

2.2. Domain discretization
In CVFEMs, the calculation domain is first spatially divided into elements. In a second
step of discretization, each element is divided into sub-control volumes in such a manner that
upon assembly of elements, complete control-volumes are formed around each node of the
computational mesh. In two-dimensional and three-dimensional formulations, three-nodes
triangular and four-nodes tetrahedral elements are used, respectively.
With regards to angular discretization, discrete ordinates-type or azimuthal discretizations can be
used. Discretization details are provided elsewhere [1].
It should be noted that FVMs and FEMs do also need spatial and directional discretizations.

2.3. CVFEM approximation
An integral conservation equation corresponding to the RTE is obtained by applying the
conservation principle to control volumes, V, and solid angles, ω m , such that :




∫ω ∫ J φ ⋅ n dA dω = ω∫ ∫ Sφ dV dω
m

A

(5)

mV


where A is the surface area of the control volume, and n is a unit outward-pointing normal to the
differential area element dA.

In the suggested CVFEM, the radiative properties and the scattering phase function are nodal
values and are assumed to prevail over the control volume associated with this point and over a
discrete solid angle ω m , while the source term S φ is linearized [21] and assumed constant over
control volumes and solid angles. The radiant heat flux is assumed constant (average values are
assumed) over control volume surfaces and solid angles [1].

5


The discretized integral conservation equation, corresponding to Eq. (5), in the direction Ω m for
a control volume associated with node P and having N control volume faces is finally:
N

∑I
n =1

m
pn

Gnm An = − β P I PmVP ω m + S ImP VP ω m

(6)


where I pmn is the radiative intensity evaluated on p n along Ω m ; Gnm is a geometrical quantity
defined below, eq.(7); An is the surface area of a control volume surface p n ; I Pm is the radiative

intensity evaluated at node P along Ω m ; S ImP is the value of the source term evaluated at node P

in direction Ω m ; VP is the volume surrounding node P; and ω m is the solid angle associated with

direction Ω m , respectively
The geometric function Gnm is evaluated such that:
 
Gnm = ∫ Ω ⋅ nn dω

(7)

ωm


where nn is the unit outward-pointing normal to a panel p n . The rationale behind these choices
is discussed in [1].
To complete the CVFEM formulation, a relation between the value of the radiative intensity at
control volume surfaces and that of this same quantity at the grid nodes of the finite element
mesh is required. This relation is established by the prescription of an appropriate spatial
interpolation function for intensities over the elements and this is the subject matter of the next
section.
The issues of discretization equations, boundary conditions, and solution procedure are presented
elsewhere [1] and are not repeated here to avoid this paper to become overly lengthy.
3. SKEW UPWINDING SCHEME
The nature of the discretized RTE does suggest that it is indeed highly desirable not only
to account for radiative intensity at upstream locations when closure is needed, but also to reflect
the direction of propagation of radiation. Here, attention is limited to those two features without
regard to attenuation by absorption and out-scattering or reinforcement by emission and inscattering in the interpolation functions.
The convention adopted here is that depicted in Fig. 1. Careful study of this figure should help
the reader in the following sections of the paper. Discussions are limited to the two-dimensional
context for simplicity and clarity, but are very exhaustive to help the reader in implementing
these ideas, if need be.
With reference to Figure 1, N1, N2, N3 denote the nodes of the finite element considered, O is the
centroid of the element where a local Cartesian coordinate system will be translated, V1, V2, V3 are
6

partial control-volumes that will constitute the complete and non overlapping discretized volume
of the calculation domain upon assembly of all triangular elements; p1, p2, p3 are the sub-control

volume surfaces, n are the unit outward-pointing normal to the sub-control volume surfaces, and
M are the mid-point, between two nodes, along the edge of a triangular element side. It is worth
noting, for further reference, that M1 is opposite to N1 and similarly for the other two pair of
nodes and midpoints.
3.1 An exponential scheme (ES)
The first scheme that was considered for implementation within the CVFEM was the
exponential scheme (ES) [1]. This scheme, based on a particular one dimensional solution of the
RTE within an element, yielded very satisfactory predictions [19, 35]. However, this scheme
suffers two major drawbacks: (1) it requires fix-up procedures to avoid computations of negative
coefficients, and (2) exponentials are relatively expensive to compute. Hence, in the context of
the development of comprehensive numerical methods for the solution of multiphase turbulent
reacting flow combined with radiative heat transfer, such a scheme could lead to unacceptable
computational time requirements.
3.2 An upwind scheme (US)
With the reference to Fig. 2, the implementation of this scheme is rather simple. If the dot
 
product Ω m ⋅ n p1 is positive (Fig. 2(a)), the value of the radiative intensity at the integration point
p1 is that of the node located immediately counter clockwise with respect to the centroid, O, here
node N 3 .
On the other hand, if this dot product is negative (Fig. 2(b)), the value of radiative intensity at the
integration point p1 is that of node N 2 .
For any of the three control volume surfaces (panels), p1 , p 2 , p3 , the implementation is straightforward:
I pmn = wnm I Nmϑ ( n + 2 ) + (1 − wnm ) I Nmϑ ( n +1)

(8)

where the weighting function wn is defined as :
 Gm 
wnm ≡ MAX  nm ,0
 Gn 

(9)

and the integer function ϑ (n) is such that ϑ (n) = n , ∀n = 1, 2, 3; and ϑ (n) = n − 3 , ∀n = 4, 5.
The weighting functions, wnm , for each element, can be evaluated prior to the iterative procedure
as they are geometric quantities independent of the radiation transfer problem.
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The upwind scheme (US) is simple and yields rapid convergence of the solution procedure.
Moreover, it ensures that no negative coefficients are produced in the discretization equations.
However, it is obvious that for several discrete directions, the directionality of radiant
propagation is not very accurately taken into account. For discrete directions where the node of
influence, N 3 , is in a more or less direct line of sight when observed from the integration point
p1 , such as in Fig. 2(c), the predictions of intensity along that direction will be good. However,
for the situation depicted in Fig. 2(d), severe false scattering (numerical smearing) will occur and
for that direction the predictions of radiant intensity will be far less accurate. Moreover, it is clear
that this scheme will produce solutions that are very sensitive to the shape of elements.
Nevertheless, the upwind scheme was retained as an alternative because it is the simplest and
therefore cheapest scheme and the inaccuracies it involves are averaged over all directions when
the radiative fluxes or radiant incident energy are evaluated. Hence, the results for the radiative
fluxes and radiant incident energy were found to be in fair agreement with those obtained with
higher order schemes.
3.3 A basic skew upwind scheme (BSUS)
With reference to Fig. 3, the basic skew upwind scheme (BSUS), applied to the triangular
element discretized into three equal sub-control volumes, determined the value of the intensity at

the integration point, p1 , by tracking back along the projection of a discrete direction, Ω m , from
p1 until the pencil (path) of radiation intersects the element edge at a reference point, r. Here, the
notation assumes that the edge number, l, is that of its corresponding midpoint, M. This notation
is used for the ease of presentation and implementation.
The value taken for the radiative intensity at position r is then based on an interpolated value,
along this element edge, of the corresponding nodal values (for example, nodes N 2 and N 3 in
Fig. 3(b)). In the context of upwinding (no attenuation), I pmn = I rmn . This leads to a value of the
intensity at the integration point that is an average of two nodal values.
When w1m = 1 , see Eq. (9), the reference point will lie either along edge l = 2 or l = 1 . In Fig.
3(a), with respect to a local Cartesian coordinate system located at the centroid of the element, O,

that is oriented so as to have its axis x aligned with the projection of Ω m in the plane of the
problem, the reference point, r, lies on the edge l = 2 for which: y N 3 ≥ y p1 ≥ y N1 . In Fig. 3(b),
the reference point, r, lies on the edge l = 1 for which: y N 2 ≥ y p1 ≥ y N 3 . In any of these two
cases, I pm1 can be expressed as a linear function of the intensity at two nodes such that:
I pm1 = f1l I Nmϑ ( l +1) + (1 − f1l ) I Nmϑ ( l + 2 )
where the weighting function f1l in terms of the local and aligned coordinate directions is :
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(10)

f1l =

y p1 − y Nϑ ( l + 2 )
y N ϑ ( l +1 ) − y N ϑ ( l + 2 )

(11)

and l is either 1 or 2 according to the relative y-coordinate of node N 3 with respect to p1 .
Similarly, when w1m = 0 , the reference point will lie either along edge l = 3 or l = 1 . In Fig. 3(c),
the reference point, r, lies on the edge l = 1 for which: y N 2 ≥ y p1 ≥ y N 3 , and the above expression
apply. It can readily be observed that the equations are also valid for the case shown in Fig. 3(d)
for which: y N1 ≥ y p1 ≥ y N 2 . Here, the relative y-coordinate of node N 2 with respect to p1
determines whether l = 3 or l = 1 .
Generalizing the former expressions, for any of the three control volume surfaces, p1 , p 2 , p3 ,
yields:
I pmn = f nl I Nmϑ ( l +1) + (1 − f nl ) I Nmϑ ( l + 2 )

(12)

where the expression of f nl is :
f nl =

y p n − y Nϑ ( l + 2 )
y N ϑ ( l +1 ) − y N ϑ ( l + 2 )

(13)

However, this strategy can be challenged for several reasons : (1) for a given direction, when
both nodes are located upstream with respect to the integration point p1 , such as nodes N1 and N3
in Fig. 3(a), there is no guarantee that the intensity at reference point, r, will physically be a linear
interpolation of the nodal values. Except, in a highly scattering media or when a fine spatial
discretization is used; (2) for a particular direction, a node N could be located downstream with
respect to the integration point such as node N2 in Fig. 3(b) where N 2 is found to have an
influence on I pm1 . This could lead to negative coefficients in the discretized algebraic equations;
(3) for some very limited cases only, such as that shown in Fig. 3(c), the scheme would propose a
fair representation of the physics (without attenuation). But in this case, it reduces to the US; and
(4) for the case represented in Fig. 3(d), the dependence on the intensity at node N 1 constitute an
outflow of radiant energy from the control volume associated with node N 2 . Thus if I Nm1
decreases, I Nm2 will increase proportionately. And this clearly shows that negative coefficients
could be calculated in the numerical solutions.
Remedies to avoid negative coefficients could be thought as follows: (1) when a node N is
located downstream with respect to the integration point such as node N2 in Fig. 3(b), the
weighting factor (here f11 ) could be set to zero (when the local x-coordinate difference between
node N2 and point p1 is positive). Similarly, f11 = 1 when node N 3 is located downstream of
point p1 ; (2) to avoid the outflow problem illustrated in Fig. 3(d), the simplest remedy would be
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to have an influence of N 2 only. Clearly, this overrides the properties of the basic skew upwind
scheme (BSUS) and reduces it more or less to the upwind scheme (US) but with more
computational time requirement.
Nevertheless, having in mind its limitations, the second scheme retained for comparison is the
basic skew upwind scheme (BSUS) described by Eq. (12).

3.4 An intermediate skew upwind scheme (ISUS)
To avoid having downstream influences and negative coefficients, an intermediate skew
upwinding scheme (ISUS) is now introduced. In this scheme, that embeds ideas discussed in the
previous subsection, the value of the intensity along the elements edges that link the nodes is
assumed to be constant up to the midpoint of the edges: the value of intensity on the edges that
delimit sub-control Vn is I Nmn .
With reference to Fig. 4(a), line M2 – a represents a line of discontinuity of the intensity
originating from the volumes associated with N 1 and N 3 . The relative influence of both nodes
on the value of the radiative intensity at p1 is then a weighted average of I Nm3 and I Nm1 , the
weights being the ratio M 2 − b c − b and M 2 − c c − b , respectively. On panel p1 , I Nm1
prevails from the centroid, O, to point a, then I Nm3 prevails from a to M 1 . Segment c − b is the

projection, normal to Ω m , of the control volume surface p1 over edge l = 2.
When w1m = 1 (see Eq. (9)), with respect to coordinate axes located at the centroid, O, and

oriented such that the x-axis is aligned with the two-dimensional projection of Ω m , y M1 is
positive and as long as y M 2 ≤ 0 the node of influence for p1 will be N 3 only. The case for which
y M 2 = 0 is shown in Fig. 4(b). When the situation depicted in Fig. 4(a) prevails,

I pm1 = f1+ I Nm1 + (1 − f1+ ) I Nm3

(14)

where f1+ = y M 2 y M1 . When y M 2 ≥ y M1 , the node of influence for p1 will be N 1 only. Fig. 4(c)
depicts the situation for which y M 2 = y M1 .
To account for the above-described three possibilities, Eq. (14) will be valid if the weighting
function is defined such that


 yM
 
f1+ ≡ MIN MAX 2 ,0 ,1
 yM  

 1  
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(15)

When w1m = 0 , as long as y M 3 ≥ 0 the node of influence for p1 will be N 2 only. When the
situation depicted in Fig. 4(d) occurs,

I pm1 = f1− I Nm1 + (1 − f1− ) I Nm2

(16)

where f 1− = y M 3 y M1 . When y M 3 ≤ y M1 , the node of influence for p1 will be N 1 only. Hence,
with the following weighting function


 yM  
f1− ≡ MIN MAX 3 ,0 ,1
 yM  

 1  

(17)

Eq. (16) provides the value of I pm1 for the three geometric possibilities with w1 = 0 .
Although the expressions for f are mathematical expressions evaluated through the determination
of the local y-coordinate of the element edges midpoints, the resulting expressions have a direct
physical interpretation. For example, with respect to the element depicted in Fig. 4(a), it can be
seen that f1+ is the ratio of the radiative flux that crosses control surface O − M 2 into direction

Ω m over the radiative flux that crosses control surface O − M 1 along the same direction when
there is no attenuation or reinforcement within the element. Specifically,

f

+
1

≡

yM2
y M1


qO − M 2
= 
qO − M1

(18)

From this expression it can be concluded that the weighting factor will be equal to this ratio as
long as the medium in the element, for the purpose of interpolation only, is assumed to be
transparent.
Considering w1m as defined in Eq. (9), it is possible to account for the negative or positive value
 
of Ω m ⋅ n p1 by expressing I pm1 as

I pm1 = w1m [ f1+ I Nm1 + (1 − f1+ ) I Nm3 ] + (1 − w1m )[ f1− I Nm1 + (1 − f1− ) I Nm2 ]

(19)

Finally, with the use of the integer function ϑ (n) defined previously, a general mathematical
expression of I pmn at any of the three panels, p1 , p 2 , p3 , can be arrived at :
I pmn = wnm [ f nm + I Nmm + (1 − f nm + ) I Nmϑ ( n + 2 ) ] + (1 − wnm )[ f nm − I Nmn + (1 − f nm − ) I Nmϑ ( n +1) ] (20)
where
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 yM
f nm + ≡ MIN MAX ϑ ( n + 2 ) ,0 ,1 ;
 
 yM

n
 



 
 yM
f nm − ≡ MIN MAX ϑ ( n +1) ,0 ,1
 
 yM

n
 


(21)

with n = 1, 2, 3 for panels p1 , p 2 , p3 , respectively. The superscript m is added to the definition of
the weighting function f to permit calculation of these functions prior to the iterative solution
process.
In Fig. 4(a), the contribution of N 1 is still seen by the equations for panel p1 (between the
centroid O and point a), but this contribution has no effect on the radiant energy conservation
balance for the control volume associated with N 3 after the contribution of p 2 is accounted for.
Because without attenuation I pm2 is I Nm1 , all influence of N 1 on p1 , for this case, cancel. This is
valid as long as there is no attenuation involved, at the interpolation level, along the propagation
path within an element. Otherwise, a net flux of radiant energy is still possible. That is, if the flux
entering p 2 is different from that entering p1 , between O and a, negative coefficients would still
be possible.
The value of the intensity at p1 in Fig. 4(a) is simply a weighted average of that at node N 1 and
N 3 . On panel p1 , I Nm1 prevails from the centroid to point a, then, from a to M 1 , I Nm3 prevails.
3.5 A Skew Upwinding Scheme (SUS)
The ideas embedded in the skew positive coefficient upwind scheme (SUS), which
involve a flux-weighted average of the intensity over control volume faces, are first outlined for
control volume surface p1 depicted in Fig. 5(a).
It has been seen that as long as there is no attenuation within the elements, the ISUS should
improve accuracy over the US and avoid negative coefficients in the discretized algebraic
equations. However, in a further refinement of the proposed scheme, it could be desirable to
account for attenuation within the element. In this section, for a positive value of the radiant heat
flux at p1 (see Fig. 5(a)), that is when w1m = 1 , it is then mostly desirable to express the value of
intensity at p1 directly in terms of that at p 2 and that at node N 3 such that

I pm1 = f1m + I pm2 + (1 − f1m + ) I Nm3

(22)

with f1m + being defined appropriately.
This modification of the ISUS involves that: (1) negative coefficients can not be computed, since
throughputs of radiant energy are correctly accommodated irrespective of the function f1m + , and
(2) a simultaneous set of equations involving the three integration point intensities (that is at p1,
p2, and p3) must be solved to determine these values in terms of the nodal values. To generalize
this SPCUS, a similar definition of f1m + to that used in Eq. (21) is employed with the obvious
restriction that 0 ≤ f ≤ 1 .
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To ensure a positive contribution to the coefficients when the radiative flux at p 2 is negative –
coming out of sub-control volume V3 in Fig. 5(a) – we need that I pm1 = I Nm3 : the values of I pm1 and
I pm2 at the panels p1 and p 2 for this situation should only depend on the value of I m at node 3,
which is located upstream of these two surfaces: this implies that f1m + = 0 in Eq. (22). On the
other hand, if G2m is positive – coming into sub-control volume 3 in Fig. 5(b) – and greater than
G1m , only I pm2 should influence the value of I pm1 , because the amount of energy transported by
radiation out of control volume V3 across panel p1 has to be greater than or equal to what comes
in by radiation through panel p 2 , in order to ensure the positiveness of coefficients [1, 27, 34].
For this case f1m + = 1. In other situations, such as in Fig. 5(c), the function f1m + is just the ratio
 
of the directional integral of Ω ⋅ n p over ω m for control surface p 2 to that over p1 .
Consequently, a general expression for f1m + , for a positive G1m can be defined as

 Gm  
f1m + ≡ MIN MAX 2m ,0 ,1

 G1  

(23)

The subscript 1 stipulates the association with panel 1 and the superscript + indicates that G1m is
positive.
If these same guide lines are followed when radiation is crossing control volume surface p1 in
the negative direction such as in Fig. 5(d) – G1m is negative – then an equation, involving node 2
and panel p3 , can readily be obtained such that

I pm1 = f 1m − I pm3 + (1 − f1m − ) I Nm2

(24)

where f1m − is defined as

 Gm  
f1m − ≡ MIN MAX 3m ,0 ,1
 G1  


(25)

Introducing the weighting function, w1m , defined as in Eq. (9), it is possible to account for the
negative or positive value of the radiative flux at p1 by expressing I pm1 as

I pm1 = w1m [ f1m + I pm2 + (1 − f1m + ) I Nm3 ] + (1 − w1m )[ f1m − I pm3 + (1 − f1m − ) I Nm2 ]

(26)

Finally, with the use of the integer function ϑ (n) defined previously, a general mathematical
expression of I pmn at any of the three panels, p1 , p 2 , p3 , can be arrived at:
I pmn = wnm [ f nm + I pmϑ ( n +1) + (1 − f nm + ) I Nmϑ ( n + 2 ) ] + (1 − wnm )[ f nm − I pmϑ ( n + 2 ) + (1 − f nm − ) I Nmϑ ( n +1) ]
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(27)

where

f

m+
n


 Gϑm( n +1)  
≡ MIN MAX
,0 ,1 ;
m

 
G

n

 

f

m−
n


 Gϑm( n + 2 )  
≡ MIN MAX
,0 ,1
m

 
G

n

 

(28)

with n = 1, 2, 3 for panels p1 , p 2 , p3 , respectively.

4. CONCLUDING REMARKS
This paper presents the detailed derivation of a skew, positive coefficient, upwind scheme
for the computation of radiative transport in enclosures discretized by use of triangular meshes.
The exhaustive description was intended for the analyst who may want to implement such a
procedure in his or her own numerical method. From the proposed descriptions, ideas could
easily be extrapolated for the analyst who may want to implement these ideas on rectangular
meshes
The proposed scheme is based on the application of sound physical arguments, resulting
in: (1) fast convergence of the algorithm; (2) inherent preclusion of the possibility of computing
negative coefficients to the discretized algebraic equations; (3) relatively low levels of false
scattering; (4) relative insensitivity to grid orientation; and (5) solutions completely free from
undesirable oscillations. These attributes render the scheme attractive, especially in the context
of combined modes of heat transfer and fluid flow for which computational time is a major
concern. The performances of the proposed scheme are readily available in a companion paper
[36].
The development presented in this paper, considers pure upwinding, that is the effect of
intensity attenuation and reinforcement are not considered within an element. In this way, the
specific features avoiding negative coefficients are readily appreciated. One of the interesting
features of the proposed scheme is that it can be used in the context of combined modes heat
transfer and fluid flow problems employing the same procedure for the solution of the algebraic
discretized conservation equations. Therefore, although implemented in the context of a
CVFEM, the ideas are readily amenable for incorporation in a FVM or a FEM.
APPENDIX A: Closures relations
Eqs. (8), (12), (20), and (27) are systems of equations for the unknowns I pm . These
systems of equations can conveniently be written in a matrix form, yielding
(29)
[A]3×3 I pm 3×1 = [B]3×3 I Nm 3×1

{ }

or
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{ }

 a11
a
 21
a31

a12
a 22
a32

a13   I pm1  b11
 
a 23   I pm2  = b21
a33   I pm3  b31

b12
b22
b32

b13   I Nm1 
 
b23   I Nm2 
b33   I Nm3 

(30)

A.1 Upwind scheme
For a two-dimensional implementation of the upwind scheme (US), the A matrix is the
identity matrix while the coefficients of the B matrix are:
b jj = 0; b jϑ ( j +1) = (1 − w mj ); b jϑ ( j + 2 ) = w mj
(31)
A.2 Basic skew upwind scheme
To implement the basic skew upwind scheme in two-dimensions, the A matrix is also the
identity and matrix B can be constructed such that, when y N j ≥ y pi ≥ y Nϑ ( j +1) , we obtain :
bij = f ij ; biϑ ( j +1) = (1 − f ij ); biϑ ( j + 2 ) = 0

(32)

A.3 Intermediate skew upwind scheme
In this case, the A matrix is once again the identity matrix and matrix B can be
constructed such that:
b jj = w mj f jm + + (1 − w mj ) f jm − ; b jϑ ( j +1) = (1 − w mj )(1 − f jm − ); b jϑ ( j + 2 ) = w mj (1 − f jm + ) (33)
The full matrix coefficients for the ISUS are :

 w1m f1m + + (1 − w1m ) f1m −
w1m (1 − f1m + )
(1 − w1m )(1 − f1m − )


m
m+
m m+
m
m−
m
m−
w2 (1 − f 2 )
w2 f 2 + (1 − w2 ) f 2
(1 − w2 )(1 − f 2 ) 

 (1 − w3m )(1 − f 3m − )
w3m (1 − f 3m + )
w3m f 3m + + (1 − w3m ) f 3m − 

A.4 Skew positive coefficient upwind scheme
For the implementation of the SPCUS, the coefficients of matrices A and B are
a jj = 1; a jϑ ( j +1) = − w mj f jm + ;
a jϑ ( j + 2 ) = −(1 − w mj ) f jm −
b jj = 1; b jϑ ( j +1) = (1 − w mj )(1 − f jm − ); b jϑ ( j + 2 ) = w mj (1 − f jm + )
The matrix coefficients for the SPCU scheme are :

1
− w1 f 1+
− (1 − w1 ) f1− 


−
1
− w2 f 2+ 
− (1 − w2 ) f 2

 − w3 f 3+
1
− (1 − w3 ) f 3−



0
(1 − w1 )(1 − f1− )
w1 (1 − f1+ ) 


+
0
(1 − w2 )(1 − f 2− )
 w2 (1 − f 2 )

(1 − w3 )(1 − f 3− )
0
w3 (1 − f 3+ )
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(34)

These matrices involve geometric quantities only. They can be computed before the iterative
solution procedure that solves for intensity begins.
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Figure 1. – A typical two-dimensional element and its related notation.
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Figure 2. – An upwind scheme: (a) Positive dot product; (b) Negative dot product; (c) Fair
alignment; and (d) Poor alignment.
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Figure 3. – A basic skew upwind scheme: (a) reference node on edge l = 2 linking N3 and N1; (b)
reference node on edge l = 1 linking N2 and N3; (c) excellent alignment but reduces to the US; (d)
possibility of negative coefficients.
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Figure 4. – An intermediate skew upwind scheme: (a) weighted average of the intensity at nodes
N3 and N1; (b) influence of N1 only when y M1 ≤ y M 2 ; (c) influence of N3 only when y M 2 ≤ 0 ; and
(d) possibility of negative coefficients.
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Figure 5. – A skew upwind scheme with positive coefficient: (a) influence of N3 only when
y M 2 ≤ 0 ; (b) influence of p2 when y M1 ≤ y M 2 ; (c) weighted average of the intensity at nodes N3
and panel p2; and (d) weighted average of the intensity at nodes N2 and panels p3 when G1m is
negative.
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